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Microswimmers exhibit noisy circular motion due to asymmetric propulsion mechanisms, their
chiral body shape, or by hydrodynamic couplings in the vicinity of surfaces. Here, we employ the
Brownian circle swimmer model and characterize theoretically the dynamics in terms of the directly
measurable intermediate scattering function. We derive the associated Fokker-Planck equation
for the conditional probabilities and provide an exact solution in terms of generalizations of the
Mathieu functions. Different spatiotemporal regimes are identified reflecting the bare translational
diffusion at large wavenumbers, the persistent circular motion at intermediate wavenumbers and an
enhanced effective diffusion at small wavenumbers. In particular, the circular motion of the particle
manifests itself in characteristic oscillations at a plateau of the intermediate scattering function for
wavenumbers probing the radius.
I. INTRODUCTION
A plethora of active agents ranging from biological
microswimmers to artificially synthesized self-propelled
particles exhibit peculiar dynamical behavior while mov-
ing in aqueous media where Brownian motion plays a
pivotal role [1–5]. These active particles are intrinsi-
cally out of equilibrium and their transport properties
are highly sensitive to their body shape, the symmetry
of the propulsion mechanism, and also interactions with
interfaces, which all have been shown to induce a chi-
ral swimming pattern. Examples of circular motion close
to surfaces include sperms [6–9], and bacteria [10–16],
whereas a special type of algae, Chlamydomonas rein-
hardtii, exhibits a helical swimming trajectory due to an
asymmetry in its flagella beat [17–19]. As a consequence
of an either simple asymmetric shape or two internal mo-
tors propelling into different directions, also artificial mi-
croswimmers such as asymmetric Janus particles [20, 21],
bimetallic micromotors [22–24], and self-assembled dou-
blets of spherical Janus particles [25] display circular mo-
tion. Moreover, particles, that perform chemotaxis along
their self-generated gradient, are expected to follow cir-
cular trajectories in a strong chemical field [26].
As observed in experiments, a minor imbalance in the
swimming motion can lead to a rich dynamical behavior
of these active agents on the macroscopic level. Hence,
a profound knowledge on different levels of coarse grain-
ing is necessary to fully understand the non-equilibrium
physics of these circle swimmers. Hydrodynamic models
characterizing the motion of a linked-bead swimmer in
bulk [27, 28] and close to walls [29], and also flagellated
microswimmers at a surface [12, 30, 31] including the full
hydrodynamic interactions have predicted circular swim-
ming patterns of these active agents using analytic com-
putations and computer simulations.
In addition to these microscopic theories, mesoscopic
models ignoring the origin of the swimming motion and
∗ thomas.franosch@uibk.ac.at
neglecting hydrodynamic interactions have been elab-
orated in terms of effective non-equilibrium Langevin
equations [25, 32–36]. Here, the main quantity of in-
terest constitutes the mean-square displacement [32, 33],
which exhibits an intermediate oscillatory behavior as a
genuine fingerprint of the circular motion. These trans-
port properties have been also quantified in experiments
using particle tracking and compared to analytical pre-
dictions [16, 25, 35].
Another experimentally accessible quantity that con-
tains much more general spatiotemporal information on
the particle’s dynamics constitutes the intermediate scat-
tering function F (k, t) [37, 38], which measures the dy-
namics at lag time t and length scales 2pi/k. Mathe-
matically, it is obtained by a Fourier transform of the
probability density of the displamcents and represents
the associated characteristic function [39].
Only recently the intermediate scattering function
has been computed analytically for simple run-and-
tumble particles [40] and for active Brownian agents [41].
Whereas it has also been measured for Chlamydomonas
reinhardtii by light scattering experiments [17, 18], and
within the recently developed image based framework
of differential dynamic microscopy [19], only approxi-
mations of the intermediate scattering function of circle
swimmers valid at rather small length scales have been
worked out [18, 19].
Here, we derive the Fokker-Planck equation for the
conditional probability density of the displacements of
a Brownian circle swimmer. These active agents display
persistent circular motion, but are also subject to rota-
tional and anisotropic translational diffusion, which en-
tails the rotational-translational coupling. To quantify
the dynamics of these particles, we provide an analyt-
ical solution of the intermediate scattering function in
terms of generalizations of the Mathieu functions. We
numerically evaluate the intermediate scattering function
for the full range of length scales and identify different
spatiotemporal regimes reflecting the bare translational
diffusion, the persistent circular motion and also the en-
hanced effective diffusion of the circle swimmer. Fur-
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2thermore, we obtain the low-order moments such as the
mean-square and mean-quartic displacement upon ex-
pansion of the intermediate scattering function in the
wavenumber. In particular, we discuss the non-Gaussian
parameter and corroborate our results with computer
simulations.
II. THE MODEL
We assume the particle to move in a plane with con-
stant speed v along its instantaneous orientation u(t) =
[cosϑ(t), sinϑ(t)]T parametrized by the polar angle ϑ(t).
To model the circular motion of the active particle, the
orientation ϑ(t) displays an average drift of constant an-
gular velocity ω and is also subject to orientational Brow-
nian motion characterized by the rotational diffusion co-
efficient Drot. Furthermore, the motion displays transla-
tional diffusion encoded in the diffusion coefficients par-
allel D‖ and perpendicular D⊥ to the orientation, see
Fig. 1. Hence, the Langevin equations in Ito¯ form for the
position r(t) and the orientation ϑ(t) of an anisotropic
circle swimmer assume the form [32]:
dϑ = ωdt+
√
2Drotdψ, (1)
dr = vudt+
[√
2D‖uuT +
√
2D⊥(I− uuT )
]
dξ. (2)
Here, the rotational and translational diffusion are mod-
eled in terms of independent Gaussian white noise pro-
cesses ψ(t) and ξ(t) of zero mean and delta correlated
variance 〈ψ(t)ψ(t′)〉 = δ(t−t′) and 〈ξi(t)ξj(t′)〉 = δijδ(t−
t′) for i, j = 1, 2, respectively. Although there is multi-
plicative noise in the translational motion, it does not
induce noise induced drift since the noise only couples to
the orientation. As a consequence the equations assume
the same form also in the Stratonovich interpretation.
Typical distributions of circle swimmers, obtained from
simulations of the Langevin equations (see Appendix A),
reveal a narrow distribution at short times, which dis-
plays a circle and thereby broadens due to rotational dif-
fusion at longer times [Fig. 1].
To quantify the deterministic circular motion with re-
spect to the rotational diffusion we introduce the dimen-
sionless quality factor M
M =
ω/2pi
Drot
=
ω
2pi
τrot, (3)
where τrot := 1/Drot denotes the rotational diffusion
time. Then the angular correlation function of order
n, Cn(t) = 〈exp [in (ϑ(t)− ϑ(0))]〉 fulfills the equation of
motion (see Appendix B for a derivation)
d
dt
Cn(t)− nDrot(2piiM − n)Cn(t) = 0. (4)
The solution
Cn(t) = exp(−n2t/τrot) exp(2piinMt/τrot), (5)
Figure 1. (Left) Model set up and (right) distribution of
anisotropic Brownian circle swimmers with the same initial
orientation u0, initial position r0, Péclet number Pe = ∞,
and quality factor M = 16. Here, different colors indicate
subsequent time steps ti/τrot ∈ [0, 0.04], where τrot denotes
the rotational diffusion time.
becomes complex, which is a fingerprint of a non-
equilibrium process. Here, exp(−n2t/τrot) constitutes
the envelope of the oscillations of the real and imagi-
nary part of the angular correlation function (see Fig. 2).
In particular, we observe that the quality factor M mea-
sures the number of circles a swimmer has completed
within the rotational diffusion time τrot.
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Figure 2. Real part of the angular correlation function C1(t)
for different quality factors M .
We obtain another dimensionless quantity ∆D/D¯ as
ratio between the translational anisotropy ∆D = D‖ −
D⊥ and the mean translational diffusion coefficient D¯ =
(D‖+D⊥)/2. To illustrate our results we follow Ref. [32]
and use the anisotropy D‖ = 2D⊥ inspired by the hy-
drodynamics for passive rod-like particles in the limit of
very large aspect ratio [42]. In addition, we also define
the Péclet number by Pe = av/D¯, where a denotes the
characteristic length a =
√
3D¯/Drot/2. For a spherical
3particle in equilibrium a corresponds merely to the ra-
dius of the particle. The Péclet number quantifies the
relative importance of the persistent swimming motion
of the particle with respect to translational diffusion.
The fundamental quantity of interest constitutes the
experimentally measurable intermediate scattering func-
tion (ISF) [19, 37]
F (k, t) = 〈exp[−ik ·∆r(t)]〉. (6)
The ISF can be interpreted as the characteristic func-
tion of the random displacement variable ∆r(t) and the
moments of the stochastic process are obtained as deriva-
tives of the ISF with respect to the wavenumber [39]. The
ISF of the circle swimmer can be computed by
F (k, t) =
∫ 2pi
0
dϑ
∫ 2pi
0
dϑ0
2pi
P˜(k, ϑ, t|ϑ0), (7)
where P˜(k, ϑ, t|ϑ0) denotes the spatial Fourier transform
P˜(k, ϑ, t|ϑ0) =
∫
R2
d2r exp(−ik · r)P(r, ϑ, t|ϑ0), (8)
of the conditional probability density P(∆r = r −
r0, ϑ, t|ϑ0) to find a particle at position r with orienta-
tion ϑ after a lag time t given that it has been at r0 with
orientation ϑ0 at zero lag time, t = 0.
After averaging over the orientations [Eq. (7)], the mo-
tion of the particle is isotropic, and therefore the ISF
evaluates to a real function depending on the magnitude
of the wavevector k = |k| only, F (k, t) = F (k, t). In
particular, after averaging Eq. (6) over the directions
ϕ = ∠(k,∆r(t)) of the wavevector k the ISF reduces
to the Bessel function of order zero [43]
F (k, t) =
〈∫ 2pi
0
dϕ
2pi
exp (−ik|∆r(t)| cosϕ)
〉
(9)
= 〈J0(k|∆r(t)|)〉. (10)
To obtain an analytic expression for the ISF, we start
from Eq. (7) and compute the Fourier transform of
the probability density. Therefore we first derive the
Fokker-Planck equation for the probability density P ≡
P(∆r, ϑ, t|ϑ0), which is an equivalent description of the
motion of the circle swimmer as the Langevin equations
[Eq. (1)-(2)]. We obtain by standard methods of stochas-
tic calculus [39] the equation of motion
∂tP = −vu · ∂rP− ω∂ϑP+ ∂r · (D · ∂rP) +Drot∂2ϑP,
(11)
where D denotes the translational diffusion tensor D =
D⊥I+ ∆DuuT , which couples the translational diffusion
to the orientation of the particle. The first two advective
terms on the right-hand side of Eq. (11) describe the
deterministic active motion and rotational drift of the
particle. The remaining terms encode the translational
and rotational diffusion, respectively. Then the equation
of motion for the corresponding Fourier transform follows
∂tP˜ = −ivu · kP˜− ω∂ϑP˜− [D⊥k2 + ∆D(u · k)2]P˜
+Drot∂
2
ϑP˜. (12)
Counterclockwise swimmers are related to clockwise
swimmers by mirror symmetry. In fact, Eq. (12) remains
invariant under simultaneous reflections of the wavevec-
tor k 7→ k′ and the orientation u 7→ u′ across an ar-
bitrarys axis, provided the angular velocity changes sign
ω 7→ −ω. Choosing as axis of reflection the direction of k
reveals that the ISF is insensitive to the chirality of the
particle and does not allow distinguishing whether the
agent displays a clockwise or counterclockwise circular
swimming motion.
Special cases of the previous equation [Eq. (12)] have
already been solved in terms of Mathieu functions for
a passive anisotropic Brownian particle (v = 0 and
ω = 0) [44], and also for a three dimensional anisotropic
passive [45] and active Brownian particle (ω = 0) [41].
Yet, no solution for the ISF of a Brownian circle swim-
mer has been elaborated up to now.
We solve Eq. (12) by an expansion of P˜ in terms of
appropriate eigenfunctions. We choose the direction of
the wavevector k = kex such that the equation of motion
[Eq. (12)] reduces to
∂tP˜ =
[−ivk cosϑ− ω∂ϑ − (D⊥ + ∆D cos2 ϑ) k2
+Drot∂
2
ϑ
]
P˜. (13)
Hence, separation of variables exp(−λt)z(ϑ) in terms of
angular eigenfunctions z(ϑ) yields the eigenvalue problem( d2
dϑ2
− ivk
Drot
cosϑ− ∆Dk
2
Drot
cos2 ϑ− 2piM d
dϑ
−D⊥k
2
Drot
+
λ
Drot
)
z(ϑ) = 0, (14)
reminiscent of the Mathieu equation [46, 47]. To make
connection with the standard form of the Mathieu equa-
tion we use a change of variables x = ϑ/2 and obtain an
eigenvalue problem L(q, c,M)z(x) = az(x) for the non-
hermitian Sturm-Liouville operator
L = L(q, c,M)
= − d
2
dx2
+ 2q cos(2x) + c2 cos2(2x) + 4piM
d
dx
, (15)
dependent on the dimensionless parameters q, c, and
quality factor M . Here, we identify the deformation pa-
rameters q = 2ivk/Drot and c2 = 4∆Dk2/Drot similar to
the generalized spheroidal wave functions in Ref. [41]. In
our case, q is purely imaginary, and c2 is real but may as-
sume both signs. The separation constant λ is connected
to the eigenvalue a by λ = D⊥k2 + aDrot/4.
The eigenfunctions z(q, c,M, x) and the corresponding
eigenvalues a = a(q, c,M) are in general complex. Since q
4is imaginary the Sturm-Liouville operator displays a sym-
metry: if z(q, c,M, x) is an eigenfunction of L(q, c,M)
with eigenvalue a(q, c,M), then z(q, c,M, x + pi/2)∗ is
eigenfunction to eigenvalue a(q, c,M)∗. Therefore com-
plex eigenvalues come in complex conjugate pairs. Fur-
thermore, z(q, c,M,−x) is eigenfunction to L(q, c,−M)
with eigenvalue a(q, c,M), thus the spectrum does not
depend on the chirality of the swimmer.
For the case that c = M = 0 one recovers the Math-
ieu equation [46, 47], and by the change of variables we
need only the pi-periodic even and odd eigenfunctions
ce2n(q, x) and se2n+2(q, x). These Mathieu functions are
essentially deformed sines and cosines. For c 6= 0 but
M = 0 the eigenfunctions remain even and odd func-
tions, and therefore are merely deformations of the Math-
ieu functions. However, for circle swimmers M 6= 0 the
operator [Eq. (15)] is no longer invariant under a parity
transformation x 7→ −x, and the corresponding eigen-
functions are neither odd nor even in x. Therefore, rather
than deforming sines and cosines we rely from the very
beginning on deformations of the complex exponentials
exp(2nix):
ee2n(q, c,M, x) =
∞∑
m=−∞
A2n2me
2mix, (16)
where A2n2m denotes the 2m−th Fourier coefficient
of ee2n(q, c,M, x). The eigenfunctions of L(q, c,M)
are therefore generalizations of the Mathieu functions
ee2n(q, c,M, x), n ∈ Z. In Appendix C we show that
these eigenfunctions are orthogonal in the sense of∫ pi
0
dx ee2m(q, c,M, x)ee2n(q, c,M,−x) = piδmn. (17)
Thus, the general solution of the Fourier transform P˜
is found in terms of an expansion of the corresponding
eigenfunctions
P˜(k, ϑ, t|ϑ0) = e
−D⊥k2t
2pi
∞∑
n=−∞
e−a2nDrott/4
× ee2n(q, c,M, ϑ/2)ee2n(q, c,M,−ϑ0/2). (18)
By completeness of the eigenfunctions, this reproduces
indeed the initial condition δ(ϑ − ϑ0 mod 2pi) for t = 0.
Performing the integrals in Eq. (7), we obtain the ana-
lytic expression of the ISF, which constitutes the princi-
pal result of this work
F (k, t) =
e−D⊥k
2t
4pi2
∞∑
n=−∞
e−a2nDrott/4
×
[∫ 2pi
0
dϑ ee2n(q, c,M, ϑ/2)
]2
. (19)
Here, the ISF depends explicitely on the diffusion coeffi-
cient perpendicular to the particle’s orientation, D⊥, the
anisotropy is hidden in the parameter c, which vanishes
for isotropic diffusion. The ISF can then be efficiently
evaluated numerically, see Appendix E.
III. EXACT LOW-ORDER MOMENTS
Most studies consider the low-order moments, such
as the mean-square displacement, of active agents only.
Since the ISF can be viewed as the moment-generating
function of the random displacements, the exact mo-
ments can be obtained as a byproduct of our analysis.
For consistency we evaluate the mean-square displace-
ment, which has been calculated earlier [25, 32], and com-
pute for the first time the mean-quartic displacement of
an anisotropic Brownian circle swimmer. These are then
used as input for the non-Gaussian parameter.
To determine the exact low-order moments of the
stochastic process, we expand the ISF [Eq. (10)] up to
the fourth order in the wavenumber k
F (k, t) = 1− k
2
4
〈|∆r(t)|2〉+ k
4
64
〈|∆r(t)|4〉+O(k6).
(20)
Therefore, we apply a time-dependent perturbation the-
ory for small wavenumbers k in the form of a Dyson
series [48]. For convenience, we rely on the Dirac
notation and introduce the scalar product 〈ϕ|ψ〉 =
(2pi)−1
∫ 2pi
0
dϑϕ∗(ϑ)ψ(ϑ). Furthermore, we use the
generalized angular basis {|ϑ〉}, which is orthogonal
〈ϑ|ϑ0〉 = 2piδ(ϑ − ϑ0) and fulfills the closure relation
(2pi)−1
∫ 2pi
0
dϑ|ϑ〉〈ϑ| = I. Then the isomorphism be-
tween angular functions ψ(ϑ) and states in the Hilbert
space becomes manifest |ψ〉 ↔ ψ(ϑ) = 〈ϑ|ψ〉. Similarly,
we define a time-evolution operator P˜(k, t) via its ma-
trix elements P˜(k, ϑ, t|ϑ0) = 〈ϑ|P˜(k, t)|ϑ0〉/2pi, such that
P˜(k, t = 0) = I. Furthermore, we introduce a generator
for the unperturbed time evolution Hˆ0 by 〈ϑ|Hˆ0|ψ〉 =
(ω∂ϑ−Drot∂2ϑ)ψ(ϑ) and a perturbation Vˆ via 〈ϑ|Vˆ |ψ〉 =(
ivk cosϑ+D⊥k2 + ∆Dk2 cos2 ϑ
)
ψ(ϑ). We split the lat-
ter into two terms, 〈ϑ|Vˆswim|ψ〉 = ivk cosϑψ(ϑ) and
〈ϑ|Vˆdiff|ψ〉 = (D⊥k2+∆Dk2 cos2 ϑ)ψ(ϑ), containing per-
turbations in first and second order in k, respectively.
With these definitions we rewrite Eq. (12) in operator
form
∂tP˜(k, t) = −Hˆ0P˜(k, t)− Vˆ P˜(k, t). (21)
The eigenfunctions of the unperturbed operator Hˆ0 are
simply the Fourier modes |n〉 with angular representation
〈ϑ|n〉 = exp(inϑ). The corresponding unperturbed eigen-
values read a0n = Drotn2 + inω, in particular, Hˆ0 |n〉 =
a0n |n〉. The basis fulfills the normalization condition
〈m|n〉 = δmn and closure relation
∑∞
n=−∞ |n〉 〈n| = I.
The ISF can then be expressed in terms of the eigenbasis
of the unperturbed operator by sandwiching the closure
5Figure 3. Mean-square displacement 〈|∆r(t)|2〉/L2 in units of the persistence length L = v/Drot for an anisotropic (∆D/D¯ =
2/3) Brownian circle swimmer for different Péclet numbers Pe = av/D¯ and quality factors M = ωτrot/2pi with rotational
diffusion time τrot = 1/Drot. The black-dashed line in Fig. (a) indicates the mean-square displacement of a deterministic circle
swimmer 〈|∆r(t)|2〉 = 4R2 sin2(ωt/2), where R = v/ω is the radius of the circular motion. Simulation and theory results are
shown with symbols and lines, respectively.
relation
F (k, t) =
∫ 2pi
0
dϑ
2pi
∫ 2pi
0
dϑ0
2pi
〈ϑ|P˜(k, t)|ϑ0〉
=
∞∑
m,n=−∞
∫ 2pi
0
dϑ
2pi
∫ 2pi
0
dϑ0
2pi
〈ϑ|m〉〈m|P˜(k, t)|n〉〈n|ϑ0〉
=
∞∑
m,n=−∞
∫ 2pi
0
dϑ
2pi
eimϑ
∫ 2pi
0
dϑ0
2pi
e−inϑ0〈m|P˜(k, t)|n〉
= 〈m = 0|P˜(k, t)|n = 0〉. (22)
To obtain the matrix elements of P˜(k, t), we solve
Eq. (21) in terms of a Dyson series [48]
P˜(k, t) = e−Hˆ0t −
∫ t
0
ds e−Hˆ0(t−s)Vˆ e−Hˆ0s +O(Vˆ 2).
(23)
The initial condition of the time-evolution operator is
P˜(k, t = 0) = 1, and the unperturbed solution of the
propagator is formally expressed by e−Hˆ0t. Hence, the
matrix elements of the time-evolution operator up to first
order in the perturbation Vˆ are computed by
〈m|P˜(k, t)|n〉 = e−a0mt
[
δmn − 〈m|Vˆ |n〉
∫ t
0
ds e−(a
0
n−a0m)s
]
,
(24)
with the matrix elements of the perturbation
〈m|Vˆ |n〉 =
(
D⊥ +
∆D
2
)
k2δmn +
ivk
2
(δm,n+1 + δm,n−1)
+
∆Dk2
4
(δm,n+2 + δm,n−2) . (25)
To obtain an expansion of the ISF up to the
fourth order in the wavenumber O(k4) we have
to extend the Dyson series up to the order
O(Vˆ 4swim, Vˆ 2diff, Vˆ 2swimVˆdiff, VˆdiffVˆ 2swim, VˆswimVˆdiffVˆswim).
Then the zeroth matrix element m = n = 0 of the
Fourier transform constitutes the expanded ISF up to
k4. The computations are rather lengthy but analog to
the ones, that have been presented before.
A. Mean-square displacement
Evaluating the expansion of the ISF for small
wavenumbers [Eq. (22)] and comparing with Eq. (20), we
obtain the mean-square displacement of an anisotropic
Brownian circle swimmer
〈|∆r(t)|2〉 = 2e
−Drottv2
(D2rot + ω
2)
2
[
eDrott
(
D2rot(Drott− 1)
+ ω2(Drott+ 1)
)
+ (D2rot − ω2) cos(ωt)
− 2Drotω sin(ωt)
]
+ 4D¯t, (26)
which has already been computed in Ref. [25, 32].
The problem displays three characteristic times: the
time the particle diffuses translationally before active
motion dominates, τdiff := D¯/v2, the rotational diffu-
sion time τrot and the time a particle needs to complete
a circle, τω := 2pi/ω. If τω, τrot . τdiff translational
diffusion dominates the dynamics of the active particle
for all times. Similarly, if τω & τrot, the orientation
of the particle becomes randomized before the particle
can even complete a circle. Therefore, only the ordering
τdiff . τω . τrot displays novel physics and we restrict
the discussion to this case.
For finite Péclet numbers the mean-square displace-
ment increases linearly with diffusion coefficient D¯ at
times t . τdiff, see Fig. 3 (b) and (c). Then, for inter-
mediate times the mean-square displacement increases
quadratically in time v2t2 due to the persistent swim-
ming motion. Within the rotational diffusion time τrot a
particle without torque M = 0 covers a typical distance
L = v/Drot, denoted by the persistence length.
For Brownian circle swimmers the ballistic increase is
6Figure 4. Non-Gaussian parameter α2(t) for an anisotropic Brownian circle swimmer with hydrodynamic anisotropy ∆D/D¯ =
2/3 for different Péclet numbers Pe = av/D¯ and quality factors M = ωτrot/2pi with rotational diffusion time τrot = 1/Drot.
Simulation and theory results are shown with symbols and lines, respectively.
followed by oscillations at times t & τω, where the parti-
cle has completed a circle. In the case of a deterministic
swimmer,Drot = D¯ = 0, the displacement due to the per-
sistent circular motion is thus |∆r(t)| = 2R| sin(ωt/2)|,
where R denotes the radius of the circle, R := v/ω.
Then the moments of the displacements evaluate to
〈|∆r(t)|n〉 = |2R sin(ωt/2)|n, which is also indicated in
Fig. 3 (a). Hence, the oscillations can be rationalized by
the circular motion only, whereas the fading out of the
oscillations at longer times is due to the rotational diffu-
sion. In particular, the number of circles M the particle
swims during the rotational diffusion time is reflected in
the number of oscillations in the mean-square displace-
ment. These oscillations are also smeared out due to
translational diffusion for decreasing Péclet numbers at
short times [Fig. 3].
For long times the mean-square displacement evolves
again linearly in time and we obtain an effective diffu-
sion coefficient Deff = D¯+ v2Drot/[2(D2rot +ω2)]. In par-
ticular, we observe an enhancement of the bare diffusion
which is reduced by the torque Deff/D¯ = 1+2 Pe2/[3(1+
4pi2M2)].
B. Non-Gaussian parameter
A sensitive indicator that measures the deviation of the
stochastic process from a Gaussian process constitutes
the non-Gaussian parameter [49], which is defined in 2D
by
α2(t) =
1
2
〈|∆r(t)|4〉
〈|∆r(t)|2〉2 − 1. (27)
The expression of the mean-quartic displacement is
rather lengthy and we refer to Appendix D [Eq. (D1)].
For long times t & τrot the non-Gaussian parameter
tends towards zero for all Péclet numbers and angular
velocities, since the motion gets randomized and evolves
to an effective diffusion, see Fig. 4.
For infinite Péclet number Pe = ∞ we observe a neg-
ative non-Gaussian parameter at short times, α2(t →
0) → −1/2 independent of the angular velocity ω,
whereas for finite Péclet number the non-Gaussian pa-
rameter approaches a non-negative constant α2(t →
0)→ ∆D2/8D¯2. Note, that the non-Gaussian parameter
vanishes for isotropic particles at short times (∆D = 0).
In the case of a deterministic circle swimmer, Drot =
D¯ = 0, we find that the non-Gaussian parameter evalu-
ates to a constant α2(t) = −1/2 for all times. This value
is indeed observed in the full solution for Pe = ∞ and
times t . τrot where the rotational diffusion has not yet
set in (see Fig. 4 (a)).
At intermediate times the non-Gaussian parameter for
finite quality factorsM approaches the non-Gaussian pa-
rameter of an active Brownian particle with M = 0 re-
flecting the active swimming motion. This regime is fol-
lowed by an oscillatory behavior that can be rationalized
by the interplay of deterministic circular motion and ro-
tational diffusion of the particle. In particular, similar to
the mean-square displacement [Fig. 3] the number M of
oscillations for t . τrot reflects the number of fulfilled cir-
cles within the rotational diffusion time. However, these
oscillations smear out for finite Péclet number at short
times, due to the translational diffusion.
IV. INTERMEDIATE SCATTERING
FUNCTION
We have evaluated numerically the intermediate scat-
tering function [Eq. (19)] for arbitrary times and a wide
range of length scales measured in terms of the persis-
tence length kL, and compare different Péclet numbers
Pe and quality factors M , see Fig. 5.
For small wavenumbers the ISF can be approximated
by an enhanced effective diffusion exp(−Deffk2t), where
the diffusion coefficient Deff is taken from the slope of
the mean-square displacement at long times [Eq. (26)].
In particular, a reduction of the effective diffusion is ob-
served with increasing quality factor M [Fig. 5].
For large wavenumbers and Péclet number Pe = 11
[Fig. 5 (g)-(i)] the intermediate scattering function again
approaches an exponential exp(−D¯k2t) reflecting the
bare translational diffusion. A similar behavior occurs
7Figure 5. Intermediate scattering function F (k, t) for a single, anisotropic circle swimmer with hydrodynamic anisotropy
∆D/D¯ = 2/3 for different Péclet numbers Pe = av/D¯ and qualitiy factors M = ωτrot/2pi. The dashed line represents the
effective diffusion exp(−Deffk2t) and bare diffusion exp(−D¯k2t) for large and small wavenumbers, respectively. The dashed-
dotted line in Fig. (a) indicates the Bessel function of order zero, J0(vkt), and in Fig. (c) the ISF for persistent circular motion,
J0(2kR| sinωt/2|). Simulation and theory results are shown with symbols and lines, respectively.
for Pe = 34 at even higher wavenumbers (not shown).
In contrast, for infinite Péclet number Pe = ∞
[Fig. 5 (a)-(c)] and vanishing quality factor M = 0 the
trajectories can be approximated by a pure persistent
motion |∆r(t)| = vt, in particular, the ISF then assumes
the form F (k, t) = J0(vkt), as indicated by the dashed-
dotted line in Fig. 5 (a). Note that the approximation is
only illustrated for t/τrot . 0.3, as for longer times rota-
tional diffusion washes out the oscillations of the Bessel
function.
The circular motion of the particle (M 6= 0)
first becomes apparent in the ISF at times t ∼ τω
[Fig. 5 (b),(c),(e),(f),(h),(i)], where the particle com-
pletes a full circle of radius R due to the deterministic
torque. In particular, the chiral swimming pattern man-
ifests itself in characteristic oscillations at a plateau for
wavenumbers kR . 2pi (i.e. kL . 4pi2M) and times t ∼
τω, which smear out due to rotational diffusion at longer
times, t & τrot. For the case that τω . τrot (i.e. M & 1)
these oscillations can be rationalized using the approxi-
mation of the pure persistent circular motion with cor-
responding ISF, F (k, t) = J0(2kR| sinωt/2|). In partic-
ular, in this approximation the ISF displays oscillations
between unity and the plateau J0(2kR) = J0(kL/piM).
These oscillations persist for arbitrarily small wavenum-
bers, yet, the amplitude 1 − J0(kL/piM) ≈ (kL/2piM)2
becomes small. At infinite Péclet number, the approxi-
mation reproduces the ISF for wavenumbers probing the
radius of the circular motion and for times t . τrot (see
Fig. 5 (c) black dashed-dotted line). The oscillations at a
plateau are also predicted by our analytic theory for small
wavenumbers kL . 5 and times t ∼ τω . τrot and agree
with the approximate solution. However, since these
oscillations become negligible small, the ISF for small
8wavenumbers can be approximated by a simple exponen-
tial with effective diffusion coefficient, exp(−Deffk2t).
For increasing quality factors M , the radius of the
circular motion decreases (R = v/ω = v/(2piDrotM)),
and therefore, these characteristic oscillations occur at
even larger wavenumbers, which are required to resolve
the circular motion. For times t  τω the ISF re-
duces to the ISF of pure persistent swimming motion,
F (k, t) = J0(vkt), since at these time scales the parti-
cle has completed only a small fraction of a circle and,
therefore, the motion appears as a straight line.
Moreover, for increasing quality factor M oscillations
at a plateau become stronger at intermediate times,
whereas the effective diffusion of the particle at large
length scales is reduced, and therefore shifts the decaying
exponentials exp(−Deffk2t) to longer and longer times.
Furthermore, for decreasing Péclet numbers these os-
cillations at a plateau at intermediate times and large
wavenumbers are less pronounced or even smeared out
due to the translational diffusion.
Figure 6. (a) Real (solid line) and imaginary part (dashed
line) of the two adjacent eigenvalues a0 and a2 for Péclet
number Pe = ∞ and quality factor M = 0. (b) Real and
imaginary part (inset) of the lowest eigenvalues for Péclet
number Pe = ∞ and quality factor M = 0.8. The eigen-
values depend continuously on the deformation parameter
|q| = 2kL = 2kv/Drot, however, the ordering changes with
increasing magnitude.
Interestingly, from a mathematical point of view, these
oscillations occur as the operator in Eq. (12) is not Hermi-
tian and therefore allows for pairs of complex conjugated
eigenvalues. Here, for M = 0 and infinite Péclet number
Pe =∞ we find that the two lowest neighboring eigenval-
ues are real at small wavenumbers, whereas they merge
at a certain point kL = |q|/2 = 0.75, where they branch
out to a pair of complex conjugates eigenvalues [41, 50],
see Fig. 6 (a). Hence, oscillations in the ISF start to be-
come apparent for wavenumbers larger than kL > 0.75,
whereas at smaller wavenumbers (e.g. kL = 0.25) the
eigenvalues are real, and we observe effective diffusion
(compare with Fig. 5 (a)).
Due to the branching points of the eigenvalues, the ISF
depends non-analytically on the wavenumber kL, and the
expansion of the ISF in the wavenumber is anticipated
to display a finite radius of convergence. Therefore, the
oscillations of the ISF, which become apparent only after
the first branching point, cannot be recovered from a
perturbation theory in the wavenumber in terms of the
low-order moments.
ForM 6= 0 we find a more intricate behavior of the low-
est eigenvalues, which contain complex conjugated pairs
for all wavenumbers, in contrast to the case of M = 0.
In particular, the real parts of these eigenvalues merge
with that of a lower eigenvalue at small wavenumbers,
split up at a certain wavenumber |q| = 2kL, where they
become purely real numbers, and later form a new pair of
complex conjugates with the higher adjacent eigenvalue
(see Fig. 6 (b)). The eigenvalues depend continuously on
|q| = 2kL, however, they intersect and branch so that the
labeling by increasing magnitude changes. Nevertheless,
the series expansion of the ISF contains either real eigen-
values or pairs of these complex conjugated eigenvalues
such that the solution always remains real.
V. SUMMARY AND CONCLUSION
We have elaborated an analytic expression for the ISF
of an anisotropic Brownian circle swimmer in terms of
appropriate eigenfunctions and corroborated our results
by stochastic simulations. In addition to oscillations in
the ISF reflecting the persistent swimming motion, the
chiral swimming pattern of the particle manifests itself in
oscillations at a plateau at intermediate times and length
scales, where the particle has approximately completed
one full circle. These oscillations, either around zero or at
a finite plateau, smear out at large wavenumbers due to
the bare translational diffusion, and at small wavenum-
bers due to the rotational diffusion of the particle. In
particular, the deterministic torque reduces the effective
diffusion of these circle swimmers at large length scales
with respect to a straight swimmer.
Furthermore, we have computed exact low-order mo-
ments of the stochastic process upon expansion of the
ISF in the wavenumber. In particular, we have evaluated
the non-Gaussian parameter, which displays oscillations
9at intermediate times mirroring the interplay of circular
swimming motion and rotational diffusion of these ac-
tive agents. This non-monotonic behavior has also been
observed in computer simulations of chiral particles in
3D, subject to isotropic translational diffusion [51]. Sim-
ilar to the non-Gaussian parameter of three dimensional
anisotropic particles [41], it is positive for short times re-
flecting the anisotropic diffusion and approaches zero for
long times.
Up to now low-order moments such as the mean-square
displacement of these circle swimmers have been mainly
used to extract relevant motility parameters from exper-
imental observations. In these studies, the long- and
short-time diffusivities have been compared to experi-
ments on bimetallic micromotors by Ref. [23], and the full
time dependence of the mean-square displacement has
successfully quantified the dynamics of bacteria [16] and
artificial microswimmers [25]. However, these low-order
moments are to a great extend insensitive to the shape of
the probability distribution, whereas more detailed spa-
tiotemporal information on the dynamics of active par-
ticles is encoded in the ISF [39]. Only recently, the ISF
of a dilute suspension of the algae Chlamydomonas rein-
hardtii has been measured in differential dynamic mi-
croscopy (DDM) experiments, and displays characteristic
oscillations at a plateau at intermediate times and length
scales [19] as found within our theory. To determine the
transport properties, approximations of the ISF for the
motion at small length scales have been used. Here, our
analytic theory also predicts the dynamics of these circle
swimmers at larger length scales, where rotational diffu-
sion starts to play a pivotal role, and the motion of the
particle gets randomized.
The analytic expression for the ISF of a Brownian circle
swimmer therefore allows to analyze experimental data
of chiral particles for the full range of length scales. For
example, it can be used to extract relevant motility pa-
rameters of anisotropic Janus particles confined between
two glass plates [20, 21], or to analyze the role of diffusion
in the circular motion of bacteria [10–15] or sperms [6–9]
close to surfaces. Furthermore, the dynamics of a single
circle swimmer in a homogeneous environment presents
a suitable starting point to analyze their tactic behavior
as response to an additional external (e.g. gravitational)
force [21]. It also serves as a reference to characterize the
non-equilibrium behavior of these chiral particles exposed
to spatially heterogeneous media [52, 53]. Similarly, it
might be a useful input to establish sorting mechanisms
of microswimmers according to their (chiral) transport
properties [34, 54].
Due to the mirror symmetry of clockwise and anti-
clockwise circle swimmers, the ISF is insensitive to the
chirality, and therefore DDM measurements do not al-
low detecting the sense of rotation of these active agents.
Hence, to elucidate the interesting question about the
role of chirality, one might measure in the framework of
particle tracking angular correlation functions of differ-
ent orders. Furthermore, one can compute analytically
and measure experimentally the low-order moments of
the displacements for a fixed initial orientation in order
to test the relative importance of the angular drift with
respect to the rotational diffusion.
Moreover, we have also evaluated the ISFs for straight
swimmers in two dimensions, which display qualitatively
similar behavior as those in three dimensions [41], where
the oscillations wash out at small and large wavnumbers
due to translational and rotational diffusion, respectively.
Quantitatively, the amplitudes of the oscillations are pre-
dicted to be stronger for particles moving in a plane,
which can solely be traced back to the dimension of the
system, as the Péclet numbers and the relation of the
diffusion coefficients are the same.
We anticipate that the analytic expressions for the ISF
of anisotropic particles in three dimensions [41], sim-
ple run-and-tumble particles [40], and Brownian circle
swimmers together permit to discriminate between differ-
ent swimming behaviors of active particles, whereas the
mean-square displacements are sometimes hardly distin-
guishable. In particular, we have worked out that the
occurrence of characteristic oscillations in the ISF at a
plateau constitutes a strong indicator for a chiral swim-
ming pattern of active particles.
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APPENDIX
Appendix A: Stochastic simulation
The starting point for the stochastic simulations are the Langevin equations [Eqs. (1)- (2)], which are discretized
according to the Euler scheme [39],
ϑ(t+ ∆t) = ϑ(t) +
√
2Drot∆tNψ + ω∆t (A1)
r(t+ ∆t) = r(t) + vu∆t+
[√
2D‖uuT +
√
2D⊥(I− uuT )
]√
∆tNξ, (A2)
where ∆t denotes the discretized time step. Here, Nψ and Nξ are independent and normally distributed random
variables with zero mean and unit variance. To obtain reliable statistics we set the time step ∆t = 10−3τrot and
simulate 105 particles.
Appendix B: Equation of motion for the angular correlation function Cn(t)
The equation of motion for the angular correlation function Cn(t) = 〈exp [in(ϑ(t)− ϑ(0))]〉 ≡ 〈cn(t)〉 can be obtained
using Ito¯’s Lemma [39],
dcn(t) =
(
inω − n2Drot
)
cn(t)dt+ incn(t)dψ(t), (B1)
where ψ(t) denotes a white noise process. Taking the mean, we find immediately the equation of motion for Cn(t)
d
dt
Cn(t)− nDrot(2piiM − n)Cn(t) = 0. (B2)
Alternatively, one can derive this equation by multiplying the Fokker-Planck equation Eq. (12) for k = 0 with
exp[in(ϑ− ϑ0)], averaging over initial and integrating over final angles, and then integrating by parts.
Appendix C: Non-hermitian eigenvalue problem
To show that the generalized Mathieu functions are orthogonal in the sense of Eq. (17), we first define the scalar
product for pi-periodic functions ϕ(x), ψ(x) by
〈ϕ|ψ〉 = 1
pi
∫ pi
0
ϕ(x)∗ψ(x)dx. (C1)
The adjoint operator of the Sturm-Liouville operator in Eq. (15) with respect to this scalar product fulfills
L+ = L(q, c,M)+ = − d
2
dx2
+ 2q∗ cos(2x) + c2 cos2(2x)− 4piM d
dx
. (C2)
Here, we recall that generally if rm(q, c,M, x) is a right-eigenfunction with eigenvalue am(q, c,M), Lrm = amrm, and
ln(q, c,M, x) a left-eigenfunction with eigenvalue bn(q, c,M), L+ln = b∗nln, then one finds
〈lm|Lrn〉 = an〈lm|rn〉 = 〈L+lm|rn〉 = bm〈lm|rn〉, (C3)
and therefore
(an − bm)〈lm|rn〉 = 0. (C4)
Then eigenfunctions corresponding to different eigenvalues are mutually orthogonal. If the eigenvalue is the same, we
label the eigenfunctions to eigenvalue am by 〈lm| and |rm〉.
A direct calculation shows that
[L+(q, c,M)ln(q, c,M, x)]
∗ = an(q, c,M)ln(q, c,M, x)∗
=
[
− d
2
dx2
+ 2q cos(2x) + c2 cos2(2x)− 4piM d
dx
]
ln(q, c,M, x)
∗. (C5)
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A change of variables x 7→ −x then yields
L(q, c,M)ln(q, c,M,−x)∗ = an(q, c,M)ln(q, c,M,−x)∗, (C6)
and we conclude that up to normalization ln(q, c,M, x)∗ ∝ rn(q, c,M,−x). Hence, we choose ln(q, c,M, x)∗ =
rn(q, c,M,−x) and normalize the set of eigenfunctions by 〈ln|rm〉 = δnm, which corresponds to the orthogonality
relation in Eq. (17).
Furthermore, due to the equality of the eigenvalues bn = an we find
L+(q∗, c,−M)ln(q∗, c,−M,x) = an(q∗, c,−M)∗ln(q∗, c,−M,x), (C7)
and as L(q, c,M) = L+(q∗, c,−M), we observe by comparison with Eq. (C6) that the eigenvalues fulfill the symmetry
relation an(q, c,M) = an(q∗, c,−M)∗.
In addition, for purely imaginary q, similar to the discussion in the main text, z(q, c,M, x + pi/2) is eigenfunction
to L(−q, c,M) with eigenvalue a(q, c,M), and therefore the spectrum does not depend on the sign of the velocity.
Appendix D: Mean-quartic displacement
To compute the mean-quartic displacement, we expand the ISF up to the fourth order in the wavenum-
ber O(k4). Therefore, we consider a Dyson series [Eq. (23)] with perturbations including the order
O(Vˆ 4swim, Vˆ 2diff, Vˆ 2swimVˆdiff, VˆdiffVˆ 2swim, VˆswimVˆdiffVˆswim). Using the properties of the matrix elements 〈m|Vˆ |n〉 [Eq. (25)],
which are non-zero only for m = n, n ± 1, n ± 2, the expansion of the ISF can be determined by solving for a finite
number of multifold time-integrals. Since we only need the zeroth matrix element of the time-evolution operator
[Eq.(22)], it suffices to consider the modes m = 0,±1,±2 only, and we obtain the solution by a linear combination of
the five modes: 1, exp(−Drott) sin(ωt), exp(−Drott) cos(ωt), exp(−4Drott) sin(2ωt), and exp(−4Drott) cos(2ωt). The
computations are lengthy and have therefore been implemented and evaluated in a computer algebra system [55].
Comparing the expansion of the ISF to Eq. (20), we obtain the mean-quartic displacement of the Brownian circle
swimmer,
〈|∆r(t)|4〉 = e
−4Drott
ω (D2rot + ω
2)
4
(36D4rot + 13ω
2D2rot + ω
4)
2
{
2ω
[(
v2 + 2Drot∆D
)
ω2 −∆Dω3 −Drot
(
9Drot∆D − 5v2
)
ω
− 6D2rot
(
v2 − 3Drot∆D
)][
18∆DD3rot +
(
9∆Dω − 6v2)D2rot + ω (2∆Dω − 5v2)Drot + ω2 (v2 + ∆Dω)] (D2rot + ω2)4 cos(2ωt)
− 4ω2 (9∆DD2rot − 5v2Drot + ∆Dω2) [6 (3Drot∆D − v2)D2rot + (v2 + 2Drot∆D)ω2] (D2rot + ω2)4 sin(2ωt)
+ 2e4Drottω
(
9D2rot + ω
2
)2 [
(4Drott+ 1) ∆D
2ω10 +
(
(2Drott+ 1) (2Drott+ 3) v
4 + 6Drot (4Drott+ 3) ∆Dv
2
+ 32D3rott∆D
2
)
ω8 +D2rot
(
(4Drott(10Drott+ 21) + 27) v
4 + 6Drot (28Drott+ 5)Drot∆Dv
2 + 2D2rot (44Drott− 5) ∆D2
)
ω6
+D4rot
(
3 (4Drott(11Drott+ 16)− 61) v4 + 18Drot (20Drott− 9) ∆Dv2 + 4D2rot (28Drott− 5) ∆D2
)
ω4
+D6rot
(
(4Drott(40Drott− 31)− 723) v4 + 6Drot (52Drott− 57) ∆Dv2 +D2rot (68Drott− 15) ∆D2
)
ω2
+ 16D¯2t2
(
D2rot + ω
2
)4 (
4D2rot + ω
2
)2
+ 4D8rot
(
(4Drott(4Drott− 15) + 87) v4 + 6Drot (4Drott− 7) ∆Dv2
+D2rot (4Drott− 1) ∆D2
)
+ 16D¯tv2
(
D2rot + ω
2
)2 (
4D2rot + ω
2
)2 (
(Drott− 1)D2rot + (Drott+ 1)ω2
)]
+ 8e3Drottv2
(
4D2rot + ω
2
)2 [−ω(9 ((6Drott+ 49)v2 − 24Drot∆D)D8rot − 4 ((39Drott+ 259)v2 + 96Drot∆D)ω2D6rot
− 2 ((108Drott− 31)v2 + 56Drot∆D)ω4D4rot + 4 ((1−Drott)v2 + 16Drot∆D)ω6D2rot
+
(
(2Drott+ 1)v
2 + 8Drot∆D
)
ω8 − 4D¯t(Drot − ω)(Drot + ω)
(
D2rot + ω
2
)2 (
9D2rot + ω
2
)2)
cos(ωt)
−
(
(8D¯Drott−∆D)ω10 +Drot
(
160D¯tD2rot + 11∆DDrot + (12Drott+ 5)v
2
)
ω8 + 2D3rot
(
472D¯tD2rot + 107∆DDrot
+ 10(5Drott+ 2)v
2
)
ω6 + 2D5rot
(
720D¯tD2rot + 155∆DDrot + (265− 46Drott)v2
)
ω4 + 3D7rot
(
216D¯tD2rot + 9∆DDrot
− 20(3Drott+ 16)v2
)
ω2 + 81D9rot(v
2 −Drot∆D)
)
sin(ωt)
]}
. (D1)
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Appendix E: Numerical evaluation of the eigenfunctions
To numerically evaluate the ISF [Eq. (19)], the eigenvalues a2n and the integrals of the eigenfunctions
ee2n(q, c,M, ϑ/2) are needed. Therefore, we insert the expanded eigenfunction [Eq. (16)] into the eigenvalue problem
[Eq. (15)] and obtain the relation for the Fourier coefficients
(a2n − α2m)A2n2m − q
(
A2n2m+2 +A
2n
2m−2
)− c2
4
(
A2n2m+4 +A
2n
2m−4
)
= 0, (E1)
with coefficients αm = 8piiMm+4m2+c2/2. For c = M = 0 the relation for the Fourier coefficients is identical to that
of the conventional even and odd Mathieu functions except for the zeroth mode [46, 47]. To compute numerically the
Fourier coefficients and eigenvalues, we solve the eigenvalue problem MA2n = a2nA2n, where the eigenvector contains
the Fourier coefficients of the expansion, A2n =
[
. . . , A2n−2, A
2n
0 , A
2n
2 , . . .
]T , and the matrix M is a band matrix with
diagonal elements Mmm = α2m, and off-diagonals Mm,m−1 = Mm,m+1 = q, and Mm,m−2 = Mm,m+2 = c2/4.
The orthonormalization of the eigenfunction translates in the matrix representation to
∑∞
j=−∞A
2m
2j A
2n
2j = δmn.
To finally evaluate the ISF, we compute the integrals in Eq. (19), which reduce to the zeroth Fourier coefficient,∫ 2pi
0
dϑ ee2n(q, c,M, ϑ/2) = 2piA2n0 . In practice, the matrix is truncated at an appropriate dimension such that the
normalization of the ISF at t = 0 is fulfilled,
∑∞
n=−∞A
2n
0 A
2n
0 = 1, with reasonable accuracy.
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